We investigate the ABJ anomaly in the framework of an effective field theory for a D3-brane scenario and show that the contribution from induced gravity on the brane may depend on both the topological structure of the bulk spacetime and the dynamics of the brane. Furthermore, we argue that this axial gravitational anomaly may not necessarily be cancelled by choosing the matter content on the brane since it can always be converted into an effective action for bulk quantum gravity without violating any local symmetries.
The idea that our observable space-time may be a 1+3-dimensional topological defect of some higher dimensional quantum field theory has persisted over a number of years [1] . In this scenario, the observed elementary particles are the light particles trapped on the 1+3-dimensional defect and the Standard Model (SM), which is believed to be the correct theory characterizing the interactions among these elementary particles, appears as a low-energy effective theory of a more fundamental theory in higher dimensions. The exception is the graviton: it mediates the quantum gravitational interaction, and it can propagate in the whole bulk due to the equivalence between gravity and space-time curvature. Of course, it might be possible that some other particles such as heavy fermions -beyond the reach of present accelerators -also exist in the bulk space-time. It is remarkable that such exotic yet simple considerations can address some fundamental problems. For example, it provides an alternative mechanism for solving the hierarchy problem [3] , in contrast to those that modify the SM itself such as technicolor and supersymmetric extensions. It also gives a natural explanation as to why gravitational interactions are much weaker than other forces [2] , and it even gives an alternative means for addressing the cosmological problem [1, 4] .
This scenario has gained support from investigations of the non-perturbative aspects of superstring theory. Actually, it was shown that an N = 1 SU(5) supersymmetric gauge theory with three generations of chiral matter fields can indeed come from one sector of type-I string theory compactified on the T 6 /Z 3 orientifold with five D3-branes placed at orientifold fixed points [5] . In general, a crude argument ignorant of the specific brane configuration is the following: the D3-branes provide a natural setting for the 1 + 3-dimensional space-time, the massless modes of the open string attached to the branes lead to the observed gauge and matter fields, while the graviton comes from the low-lying excited states of the closed string in bulk space-time. The above situation is called the brane world scenario [7] . An explicit feature of the above brane scenario is that bulk gravity is an essential ingredient. Consequently quantum gravity in the bulk can affect physics on the brane. Concretely speaking, in addition to the massless graviton trapped on the brane, the Kaluza-Klein (KK) states of bulk gravity propagating in the extra dimensions get involved in physical processes occurring on the brane, some typical examples of which include the emission of the KK graviton, the new scattering of SM particles from the exchange of KK states and graviton and some higher order corrections [8] [9] [10] . In the case of large extra dimensions, these new physical effects might be accessible to testing via accelerator experiments in the near future [2, 10] . Some bold attempts have been made within this framework to explain the recent measured deviation of the muon anomalous magnetic moment from the SM prediction [11] .
However, as a reformed setting for describing elementary particle interactions, particularly the role played by quantum gravity, some dynamical features associated with gravity should be reconsidered in this scenario. One typical problem is the famous Adler-Bell-Jackiw (ABJ) anomaly for the axial vector current in a chiral gauge theory defined on the brane. It is well known that this anomaly can get a contribution from a background space-time with non-trivial topology [13, 14] , which is usually called the axial gravitational anomaly in contrast to the pure gravitational anomalies such as the Einstein and Lorentz anomalies that arise only in D = 4n + 2 dimensions [15, 16] .
The novel physical features are that bulk quantum gravity (which at compact extra dimensions converts into the dynamics of graviton, vector, and scalar fields and the corresponding K-K modes) becomes a dynamical field rather than a static background, and that the brane fluctuations can occur. It is natural to ask whether or not these dynamical effects modify the axial gravitational anomaly. Furthermore, if such contributions do arise, what becomes of anomaly cancellation for a quantum field theory defined on the brane? To our understanding, these issues have not been explicitly addressed in the literature, and we consider them in this paper.
Let us start first from a simple model describing the low-energy dynamics of a D3-brane, which includes the D = (4 + δ)-dimensional gravity and the chiral fermions confined on the brane interacting with a U(1) gauge field and bulk gravity,
We consider only the one-flavour case here and one may add a cosmological term for the bulk gravity. The notation in the above action is standard, X M = (x µ , y α ), M = 0, · · · , D −1, the local coordinate of bulk space-time, µ = 0, · · · , 3 and α = 4, · · · , D − 1 being the coordinates of the brane and extra dimensional space-time. To incorporate fermions on the brane, the induced vierbein e a µ (x) and its inverse e µ a (x) need some delicate consideration. As it is well known, fermions on the 3-brane are the spinorial representation of the local Lorentz group SO(1, 3). To guarantee that this SO(1, 3) group is identical to the appropriate subgroup of SO(1, D − 1), the local Lorentz group of bulk space-time, one has to define [6] 
where E A M (X) is the vierbein corresponding to bulk space-time metric
is actually an element of the bulk local SO(1, D − 1) group depending only on the generator J am [6] ,
and must satisfy
The above two equations fix the requisite local Lorentz transformation to define the correct vierbein induced on the brane from the bulk metric. It has been shown that (2) and (3) indeed lead to the induced metric [6] . In this sense, the spinor field on the brane is connected with the Lorentz symmetry in the bulk. Of course, the other possibility is that we can start directly from the representation of the Clifford group of the bulk space-time (i.e. the covering group of SO(1, D − 1)) and then reduce it to the brane to get a spinor. However, since the irreducible representation of the Clifford group in higher dimensions depends heavily on the dimensionality, it seems to be impossible to get a unique chiral gauge theory. Thus we define the chiral fermions on the 3-brane from the representation of SO (1, 3) . With the consideration of U(1) gauge field and the induced gravitational field on the brane, the operator D µ takes the usual form
where Y is the (hyper)charge carried by chiral fermions and for simplicity we do not write out the gauge coupling explicitly. It should be emphasized that the concrete form of the induced vierbein (2) and metric (4) depends on the dynamical behavior of the brane -either moving in the bulk or staying at a certain fixed point -but the physics is equivalent in these two cases.
It is easily to see that as for the usual 4-dimensional Minkowski space case, the fermionic part has a brane coordinate-dependent vector and axial vector gauge transformation,
and
as well as the reparametrization invariance of the brane, the infinitesimal version being [16] 
At the quantum level, the axial vector gauge symmetry cannot be simultaneously upheld with the vector gauge symmetry and the reparametrization invariance of the brane, and so becomes anomalous. Before turning to the axial gravitational anomaly, we briefly look at the quantization of the model. Even bypassing the renormalizability problem of bulk quantum gravity in the above effective field theory model, we still have no way to completely quantize the system with such a matter distribution. Perhaps the most reasonable way is to first quantize the field theory on the brane, then obtain a quantum effective action relevant to the bulk spacetime, and finally perform the quantization of bulk gravity. This viewpoint of quantization will shape our interpretation of the gravitational anomaly. Note that the dynamics in the bulk is invariant under both diffeomorphisms and SO(1, D − 1) transformations, while on the brane, the theory has the reparametrization invariance, local SO(1, 3) symmetry and various gauge symmetries, at least at the classical level. One must choose gauge conditions to eliminate the redundant degrees of freedom connected with these symmetries of bulk gravity; gauge-fixing and the relevant ghost terms shall arise as usual for the gauge theory. The quantum theory of this system can be formally written out using the path integral
where we write G M N = G
M N + H M N , i.e., we adopt the view that the bulk graviton is a spin-2 quantum field over certain non-trivial space-time G M N rather than a flat vacuum background [12] , and the ellipses denote the gauge-fixing and ghost terms for the diffeomorphism invariance of bulk space-time and the gauge symmetry on the brane as well as a possible cosmological term for the bulk gravity. In particular, we write out the explicit dependence of the induced metric (or vierbein) on the bulk coordinate in order to show that the quantum effective action of the field theory is intimately related to brane dynamics in the bulk space-time.
With the setting (8) for the quantization of brane world, we are now able to discuss the possible anomalies. As for the usual 4-dimensional chiral gauge theory in the gravitational background, the effective action W [A, e] cannot remain invariant under all the transformations given by (5), (6) and (7), since according to the definition of the effective action
the contribution from the Green functions
Under the requirement ∂ µ J µ = ∇ µ T µν = 0 , it is a long-standing result that direct calculation to one-loop order (i.e. evaluation of the triangle and seagull diagrams) gives [13, 14] 
In the 3-brane scenario, the first term of the chiral anomaly given in (11) comes from the instanton configuration of the gauge field confined on the brane, which is identical to the usual case since it is independent of the background space-time metric. The second term, contributed from the induced gravitational instanton background [14] , should connect with the classical Euclidean configuration of the bulk gravitational field. According to the GaussCodacci equations in submanifold theory, the relation between the Riemannian tensors of the bulk and 3-branes takes the following form,
Consequently we can express the gravitational part of the chiral anomaly in terms of the bulk Riemannian tensor and the quantities characterizing the immersion of 3-brane,
Note that there exists
cannot form a complete basis with respect to the index µ.
Eq. (13) shows that the axial gravitational anomaly observed in bulk space-time depends not only on the topological structure of bulk, but also heavily on the immersion of the brane, i.e., geometrically how the brane is located. One may think that this conclusion does not make sense, since a naive consideration is that since the axial vector current is confined to the brane, the gravitational anomaly should reside only in the topology of the brane. This would be true if the 3-brane were not embedded in a higher dimensional space-time and the fields X M (x) describing the position of the brane were not dynamical fields. The dependence of the axial gravitational anomaly on the dynamics of the brane and bulk gravity can be more explicitly shown as follows. First fix the invariance of X M (x) under the reparametrization of 3-brane [8] so that
This choice actually restricts the possible dynamics of the brane and the the induced metric coincides with the bulk metric in the directions that the brane extends,
Only in this case does the gravitational anomaly depends completely on the topology of the brane. However for a dynamical brane that can move in the bulk [8] ,
the induced metric will contain explicitly the branon ξ α (x), the fluctuation of the brane in the bulk space-time.
An typical example is the Randall-Sundrum model with the extra dimension being the S 1 /Z 2 orbifold of radius r c in 5-dimensional Anti-de Sitter bulk space-time (AdS 5 ) [3] . The four-dimensional effective Lagrangian density on the visible 3-brane reads [18] 
where k is the AdS 5 curvature and M Pl the 4-dimensional Planck scale, h
µν and h (n) µν are the graviton and the K-K modes of the fluctuation around the warped metric [3, 18] ,
Consequently, the axial gravitational anomaly can be expressed explicitly as the contributions from the graviton on the brane and the K-K modes,
Note that R µ νλρ is the Riemannian curvature with respect to the "effective" metric η µν +h (0)
µν . Turning next to the anomaly cancellation problem, the gauge field contribution, i.e., F F part, must be cancelled as usual. Thus there is no inconsistency for the SU(2) L × U(1) Y SM defined on the brane, since the requirement i Y 3 i = 0 for the cancellation of the anomaly contributed from the gauge field is equivalent to the condition i Y i = 0 for the gravitational anomaly cancellation for the SM fermions, the index i denoting the flavours of the fermionic particles. This can be easily verified with the Gellman-Nishijima formula, Y = 2(Q − T 3 ), and the fact that the electromagnetic current is anomaly free as a vector current [19] , Q and T 3 being the electric charge and the remaining generator of SU(2) L after spontaneous breaking. However, there exist some extensions of the SM that are free of gauge field anomalies but not of gravitational field contributions [15] . If this happens, it seems unnecessary to cancel the gravitational anomaly part of the brane world, in contrast to the usual case. One straightforward observation is that the topological number density ǫ µνλρ R σ δµν R δ σλρ can be written as a total divergence [15] 
Thus one can redefine the quantum effective action
W [A, e] is invariant under the gauge transformation δA µ = ∂ µ ϑ(x), whereas it violates the reparametrization invariance given in (7). However, the breaking of general covariance on the brane is not a serious problem, since this can be considered as an effect of bulk gravity.
As we emphasized before, in the brane world, the field theory defined on the brane is no longer an isolated system, and one should reconsider all physical phenomena connected with bulk gravity. Note that the diffeomorphism invariance of bulk space-time has not been affected by the redefinition of above effective action since the induced metric is a scalar with respect to general coordinate transformations in bulk. An alternative but more controversial viewpoint is that perhaps we should forget about the non-renormalizability due to the axial gravitational anomaly for a quantum field theory defined on the brane. As is well known, faith in renormalization of a quantum field theory is in part based on our ignorance of quantum gravity. In the process of performing renormalization, ultravolet divergences are absorbed into redefinitions of bare parameters such as mass and coupling constants. The presumed rationale behind this approach to render a theory well defined is that one is neglecting effects from quantum gravity at very short-distances, i.e. one is just transferring ultraviolet divergences to this regime. Hence in a model containing quantum gravity, non-renormalizability due to the gravitational effects (e.g. as arise in chiral anomalies) should not be considered as a firm criteria for judging consistency of a theory before we understand the quantum gravity clearly.
To summarize, we have considered the ABJ anomaly in the 3-brane scenario and the relevant anomaly cancellation. We have shown that due to the presence of dynamical bulk gravity fields and the dynamics of the 3-brane itself, the axial gravitational anomaly depends both on both the topological structure and the location of the 3-brane in the bulk. In this new setting, physical effects of the anomaly should be reconsidered in comparison with the usual situation, in which the ABJ anomaly associated with local gauge symmetry must be cancelled completely. We have found that in this brane scenario, the gravitational part of the ABJ anomaly can be converted into an effective action for bulk gravity without breaking the local gauge symmetry on the 3-brane. It is obvious that this effective action respects both diffeomorphism and local Lorentz symmetries since the induced metric is a scalar with respect to both of these symmetries. This axial gravitational anomaly may reflect the nontrivial vacuum structure of bulk quantum gravity.
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